The purpose of this paper is, for each homology class, to prove the equidistribution theorem of restricted holonomy classes about closed geodesics mainly for the real hyperbolic manifolds. More precisely, this work is a continuation of the study [SW] (Duke Math. J. 100 (1999), 1-57) but one restricts these holonomy classes to the ones arising from the subset of closed geodesics whose corresponding hyperbolic conjugacy classes belong to a given homology class of the manifold. As an application, we also discuss the equidistribution of (imaginary) quadratic forms with respect to the argument of fundamental units.
Introduction
Let X be a negatively curved Riemannian manifold, and E(x) the set of all closed geodesics C on X whose length are at most x. Also, put E P (x) to be the set defined in the same way but restricting C to be primitive. There are a number of preceding studies concerning the asymptotic evaluation for the counting functions π(x) := |E(x)|, π P (x) := |E P (x)|. Among these, in particular, an analogue of the prime number theorem has been established. It is actually known that there exists a positive constant h = h(X) depending only on X such that
holds (e.g., see [Mar] ). We call this type of result a prime geodesic theorem. This shows that the prime geodesic theorem may describe an interesting nature of the manifold. When X is locally symmetric, h is explicitly given by some constant 2ρ (determined by the full isometry group of X) which we will give below, and moreover we may obtain explicitly an estimate of the remainder term since the harmonic analysis on a Riemannian symmetric space does work (see [Ga, DG1] for a compact case, the latter includes the estimate of remainder term; [GaWar] for a non-compact but a finite-volume case). The aforementioned prime geodesic theorems regarded as density theorems of sorts have been generalized into two different ways so far as we describe now.
The first one is the study which can be viewed as an analogue of the Dirichlet theorem for prime numbers in arithmetic progressions, and stated as follows. Let φ be the natural surjective homomorphism from the fundamental group Γ of X to the first homology group H 1 (X, Z) ∼ = Γ ab := Γ/ [Γ, Γ] . It is clear that any conjugacy class of Γ has a well-defined image in H 1 (X, Z). Since the set of all hyperbolic conjugacy classes of Γ and the set of all closed geodesics on X are in one-to-one correspondence, we denote by C γ the closed geodesic corresponding to a given hyperbolic class [γ] . Thus the problem is basically to consider the asymptotic evaluation (with an estimate of the remainder term) of the number of closed geodesics whose corresponding conjugacy classes belong to a given homology class. The cases when X are real hyperbolic manifolds are studied in [PhS] for a compact case (see also [AdSu] , [KaSu1, KaSu2] ), and [Ep] for a non-compact but a finite volume case; for each β ∈ H 1 (X, Z) we put
Let E P β (x), π P β (x) denote respectively the restriction of E β (x), π β (x) to the set of all prime closed geodesics. Then there is a constant C X > 0 depending only on X such that
holds if d = dim(X) ≥ 4 or compact X where r = rank H 1 (X, Z). In the lower dimensional (i.e., d = 2, 3) non-compact cases the discussion turns to be complicated by an effect of the existence of cusps (see [Ep] ).
Remark 1.1. Similar result of (1.1) holds whenever φ is a surjective homomorphism to any abelian group for compact and/or higher dimensional cases.
The other is the study which can be regarded as an analogue of the Chebotarev equidistribution theorem for a Galois extension of algebraic number fields -needless to say, this is also considered to be an analogue of the Dirichlet theorem since it is a density theorem for conjugacy classes determined by Frobenius substitution of a Galois extension -and stated as follows. For each closed geodesic C we may associate a conjugacy class F C of restricted holonomy group M of X by considering a parallel translation along C. In the paper [SW] , it is shown that the conjugacy classes of holonomy equidistributes with respect to the length distribution of closed geodesics for arbitrary negatively curved locally symmetric Riemannian space X. Indeed, for any smooth class function f on the restricted holonomy group M ,
) when x tends to infinity. Here dm stands for a normalized Haar measure on M . In particular, one sees
for any conjugate invariant subset Ω of M whose boundary ∂Ω is of measure zero.
These two studies naturally lead us to consider the problem formulated as follows. Let φ be a surjective homomorphism from the fundamental group Γ to a group L. Take any conjugacy class C of L and fix it. Then, for any smooth class function f on M , our main focus is an asymptotic behavior of the average of the class density
where
What can one say about the asymptotic behavior of (1.2)?
In this paper, we consider this problem for the case X is a real hyperbolic manifold and L is an abelian group Λ.
Remark 1.2.
Since there is no difficulty in analysis when Λ is a finite group (even if Λ is non-abelian), if Λ is finite then the treatment of this problem becomes much easier.
Preliminaries and Trace Formulas
Let X be a real hyperbolic manifold of dimension d. It is well-known that X can be realized as a double quotient
where Γ is a torsion-free discrete subgroup of G := SO o (d, 1) such that Γ\G is compact [resp. non-compact but finite volume] (we call Γ a uniform [resp. non-uniform] lattice of G), and K := SO(d) is a maximal compact subgroup of G. Then Γ is isomorphic to the fundamental group of X. It is also known that K is isomorphic to the full holonomy group of X (see e.g. [KoNo] ). Let G = N AK be an Iwasawa decomposition relative to K, and g = n + a + k the corresponding Iwasawa decomposition of Lie algebra g of G. The set of positive roots of the restricted root system for (g, a) has a unique (simple) positive root α. The root space corresponding to α coincides with n.
Throughout the paper we identify a * , the linear dual of a, with R by the natural correspondence; R ν ↔ να ∈ a * .
We denote also byĜ the unitary dual of G, the set of all equivalence classes of irreducible unitary representations of G.
There is a one-to-one correspondence between the set of free homotopy classes of the closed curves on X and the set [Γ] of hyperbolic conjugacy classes of the fundamental group Γ. For each homotopy class [C(γ)] corresponding to a hyperbolic class [γ] ∈ [Γ], there exists a unique geodesic C γ in [C(γ)]. We put l(γ) := l(C γ ), the length of C γ .
A hyperbolic element γ ∈ Γ is called primitive if one cannot express γ = δ j for any hyperbolic element δ ∈ Γ and any integer j > 1. We call a hyperbolic class [γ] primitive when its representative is primitive. We denote by [Γ] P the set of all primitive hyperbolic conjugacy classes of Γ. A closed geodesic C γ is also called primitive if γ is primitive. For a hyperbolic element γ, we define a positive integer j(γ) by j(γ) := j when γ = δ j with some primitive δ ∈ Γ and some positive integer j.
The centralizer M = Z K (A) of A in K is isomorphic to the restricted holonomy group of X which stabilize the a-direction. As is well-known that any hyperbolic element γ ∈ Γ is G-conjugate to some element in M A
+ is uniquely determined by γ, while m γ ∈ M is uniquely determined only up to M -conjugacy. Further, we see that l(γ) := α (log(a(γ))) and the conjugacy class [m γ ] of m γ gives the holonomy conjugacy class F Cγ in the restricted holonomy group M obtained by parallel transport about C γ . In this position, what we are interested in is to evaluate
for each given smooth class function f on M and β ∈ Λ.
We denote the unitary dual of M byM . Let χ σ be a character of M corresponding to the equivalence class of irreducible unitary representation σ ∈M . Expanding the class function f by irreducible characters of M (as a Fourier series) ; if we put
It follows hence (2.2)
where 1 M denotes the trivial representation of M , and we put
Since the asymptotic behavior for π β (y)(= K 1 M ,β (y)) is carefully studied in [PhS] and [Ep] , our main task is to evaluate K σ,β (y). In order to carry out this evaluation, it is necessary to introduce the following four Dirichlet series;
Here D(γ) denotes the Weyl discriminant given by
where Ad is the adjoint representation. Notice that K σ,β (y) is expressed also by G σ,β (y) as
One sees that among four series defined above only the quantity H σ,β (y) can be evaluated directly by the trace formula described below, which is obtained by a slight modification of the discussion in [SW] (see [SW] for details).
In fact, what we practically need now is an explicit trace formula for the irreducible decomposition of the induced representation Ind G Γ χ for a character χ of Γ associated with an irreducible representation σ of M . We now put the assumption on Γ described in [La] (see p.16) since the starting point of our derivation of the trace formula below is same as the one in [War] . 
for some positive ε G depending only on G, such that the trace formula attached to σ and θ is described as follows:
, 
where d ω is the formal degree of ω, C 2 (Γ), C 1 (Γ) are constants depending only on Γ, and k 2 (ω), k 1 (ω) are determined by ω explicitly. Furthermore all of the sums and integrals converge absolutely and uniformly (for a precise meaning of notations etc., see [DG2, SW] ).
Remark 2.2. If Γ has a torsion, the trace formula contains an elliptic term which corresponds to the elliptic conjugacy classes of Γ (finite sum), but these terms do not contribute anything effective in our aimed evaluation.
In this paper we shall only give a proof of the equidistribution theorems when d = dim(X) is even. We note that σ ∈M is always ramified if d is even. When d is odd, similar trace formula holds even if σ ∈M is unramified, and the discussion we should make is similar to the even case and much simpler.
Evaluation
Suppose Λ is abelian, i.e. we may think Λ a quotient group of H 1 (X, Z). We shall see that for a given β ∈ Λ and σ( = 1 M ) ∈M , the evaluation of K σ,β (y) can be obtained from that of G σ,β (y). On the other hand, we make use of the trace formula to obtain a desired estimation of H σ,β (y). In order to deduce the evaluation of G σ,β (y) from that of H σ,β (y), we first show that the differences between each pair of series among those four series is sufficiently small. Actually we have the following two lemmas:
as y tends to infinity.
Lemma 3.2. We have
Notice that Lemmas 3.1 and 3.2 imply
for any ε > 0.
Proof of Lemma 3.1. In order to evaluate |G σ,β (y) − G P σ,β (y)|, we first introduce the sum
We put ε 0 = inf
l(γ). It is well-known that ε 0 > 0 (see [Ga] ). Hence the difference
| is evaluated as follows:
which is O σ (e εy ) for any ε > 0 by Lemma 7.1 in [SW] . We can evaluate the difference |H σ,β (y) − H P σ,β (y)| by a similar discussion.
Proof of Lemma 3.2. By definition we have
, the functions (f ± (x) − 1)/x are bounded near x = 0 and the following obvious relations hold:
It follows that there exits a constant C 0 such that
This means
whence we have the desired conclusion from the actual asymptotic behavior of π P β (t). Furthermore, on line 14 in page 13 and line 21 in page 29 of [SW] , there are incorrect claims about the center of the universal enveloping algebra of g but that these are not used in the proof. The authors of [SW] thank Werner Hoffmann for pointing out these slips. One should also notice that there are inappropriate discussion in the proof of Proposition 3.5 (p.24) but the statement is actually true if one replaces ρ by 2b −1 ρ 0 in the statement of the proposition. 
ψ(x/λ).
We now define
Using these functions, it is obvious to see
Hence it is enough to estimate both C σ λ,β (y) and I λ,β (y) to evaluate H σ,β (y). Estimate for C σ λ,β (y). Put h y,λ (ν) =ĝ y,λ (ν). If we apply the trace formula to the test function g y,λ , then we have 1 2
Since we may express C σ λ,β (y) as
For each θ ∈ Θ, we have
by the trace formula. Here, for R > 0, we put
We also putν = max j,θ ν j (θ),μ = max k,θ µ k (θ 
Proof. By generalizing the result of [Ji, Mü] (for the real rank one group G) to the case L 2 (Γ\G, T ) = Ind G Γ T for finite dimensional unitary representation T of Γ, we can show this in a quite similar way as in the Appendix of [SW] (this claim is the case when T = θ • φ). Details are left to the readers.
We also need the uniform boundedness of C θ σ and D θ σ with respect to θ ∈ Θ. Since ν j (θ) 2 + ρ 2 is continuous with respect to θ, this follows from the following general fact.
Lemma 3.5. Let Θ be a compact set and R a given constant. Assume that the sequence of continuous functions {f k (θ)} on Θ satisfies the conditions
Then n(θ) is uniformly bounded on Θ.
Proof. If n(θ) is not bounded, then we can choose a convergent sequence {θ
Hence for any fixed j we have f j (θ k ) ≤ R for any sufficiently large k, and this implies f j (θ) ≤ R. Since j is taken arbitrarily, it follows that n(θ) = ∞, which is the contradiction. By Lemma 3.4, the first term of (3.3) is estimated as follows.
where C 1 , D 1 are some absolute constants. Since it is shown that the difference
does not decrease for R 1, the above manipulation is justified.
We need the following lemma.
Lemma 3.7 ( [SW, Lemma 7.3] ). An inequality
holds.
This is what we need later.
Estimate for I λ,β (y). Let g(x) = ψ(
). We further assume that ψ(
By applying the function g(x) to the trace formula attached to the trivial representation 1 M of M (or rather, the trace formula for L 2 (Γ\G/K, T )) we have 1 2
where h(ν) =ĝ(ν) = 6λ cos(νy)ψ(3λν), and ν j are represented with multiplicity. Remark that in the second term, the trivial representation appears if and only if when θ = 0. We also note that the number of ν j 's is uniformly bounded with respect to θ. By multiplying χ θ (β) to both sides and integrating on the dual group Θ, we have 1 2
(3.5)
Notice that the number of representations appearing in the second term of the righthand side (the complementary series representations) is uniformly bounded with respect to θ by Lemma 3.5. We now estimate the righthand side of (3.5). By a similar discussion as we made in evaluating C σ λ,β (y), the contribution of the first and the third terms of the righthand side of (3.5) is bounded by Aλ 2−d for some A > 0. Denote the parameters corresponding to the spectrum appearing in the second term by
(these are functions of θ and ν 0 = ρ if and only if θ = 0). Since ν 1 < ρ for any θ ∈ Θ, there exists some η 1 < ρ and E such that (3.6) [the second term of (3.
In a higher dimensional case (i.e. d ≥ 4) and/or a compact case, we can evaluate the integral ∫ Θ h(iν 0 )χ θ (β)dθ by an asymptotic expansion as follows (see also [Ep] ). 
holds as y tends to infinity.
Remark 3.9. In the lower dimensional non-compact case, a similar discussion for evaluating the last integral is possible though it is pretty complicated (see [Ep] ). Thus, in the sequel, we discuss only the higher dimensional case and the compact case.
Notice that
The integral of the second term in the righthand side of (3.7) over Θ is evaluated as follows:
(3.8)
Here we use the fact that ψ (λν) ≤ e λ| (ν)| . Since λ is sufficiently small, this integral does not contribute anything to our evaluation.
The integral of the first term in the righthand side of (3.7) over Θ is evaluated by Lemma 3.8. We put f (θ) = 2λχ θ (β)ψ(3λiν 0 (θ)), κ(θ) = ρ − ν 0 (θ), and let U be a suitable interval in Θ such that Lemma 3.8 is applicable for the triplet f (θ), κ(θ), and U . We note that the derivations b ij = ∂ ij ν 0 (θ)| θ=0 are calculated in [PhS] and [Ep] , and B = (b ij ) is given by a certain period matrix of harmonic 1-forms on X. We also note that |f (θ)e −yκ(θ) | = O(λe η 2 y ) (y → ∞) for some 0 < η 2 < ρ on Θ \ U . It follows from Lemma 3.8 that (3.9) for some constants B , B > 0 since λ is sufficiently small. Therefore we have ∫
as y → ∞. Combining these evaluations, we have (3.11)
If we put η 0 = max{η 1 , η 2 }, we have finally the evaluation for I λ,β (y) as follows:
Summarizing (3.4) and (3.12), we have
, we obtain holds when y tends to infinity.
Now we carry out the evaluation of (2.2). The second term of (2.2) is
Sincef is rapidly decreasing with respect to |σ|, 
and it follows that
We now have the following main theorem. 
Theorem 3.11 (Equidistribution of holonomy for a homology class). Let
Here dm is a normalized Haar measure of M . 
If X is a Riemann surface of genus g with p + 1 cusps, then an explicit asymptotic of π β (y) is given in [Ep] as
for each β ∈ H 1 (X, Z). Thus, it follows from the careful discussion along the analysis developed in [Ep] that the main theorem for non-compact surface with Λ = H 1 (X, Z) holds in the following more explicit form;
(3) The main theorem and the Corollary below remain true in the same form even if we sum up over prime closed geodesics. This follows, in fact, from the fact the function
possesses the same asymptotics of K σ,β (y) by Lemma 3.1. Indeed, for any ε > 0 we have
Since the discussion we made above still works for general negatively curved locally symmetric Riemannian spaces if we use π(y) instead of π β (y), the following density theorem follows from the approximate evaluation π β (y) = O(π(y)). where ε Q = ε d Q . We note that asymptotic evaluation of |Q P β (x)| is given by [Ep] ; there is some constant C > 0 independent of β such that holds for any 0 ≤ θ 1 < θ 2 < 2π.
Remark 4.2. The statement of Theorem 4.1 resembles the equidistribution theorem of primes in the Gaussian integer ring with respect to argument:
